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MATCHED-CONIC SOIJUTIONS TO FOUND-TRIP INTERPLANETAKY 

TRAJECTORY PROBLEMS THAT INSURE STATE VECTOR 

CONTINUITY AT A L L  BOUNDARIES 

A techniqu f o r  m a t  

By Victor R .  Bond 

SUMMARY 

hing conic t r a j e c t o r i e  at  g rav i t a t ion  phere-of - 
inf luence boundaries i s  presented. The match i s  done insuring cont inui ty  
i n  pos i t i on ,  ve loc i ty ,  and t i m e  at the  sphere-of-influence boundaries. 
The technique i s  extended t o  several  types of round-trip planetary missions 
and has t h e  capab i l i t y  of sa t i s fy ing  in- f l igh t  cons t r a in t s  a t  t h e  t a r g e t  
p l ane t .  The types of missions considered are t h e  f ree  f lyby ,  t h e  powered 
f lyby ,  and t h e  stopover mission w i t h  a parking o r b i t  about t h e  t a r g e t  
p l ane t .  An example of each of these mission types i s  presented. 

INTRODUCTION 

Matched-conic , o r  ana ly t ic  , solut ions t o  in te rp lane tary  t r a j e c t o r y  
problems have been used qui te  successful ly  during t h e  pas t  f e w  years  f o r  
mission s tudies  ( r e f .  1) and as f i r s t  approximation t o  more prec ise  
so lu t ions .  These e f f o r t s ,  however, have been confined mainly t o  solving 
t h e  one-way, or single- leg,  t r a j ec to ry ;  t h a t  i s ,  depart  one planet  on a 
c e r t a i n  da t e  and a r r i v e  a t  t h e  t a rge t  planet  a spec i f ied  number of days 
l a t e r .  
a l s o  be computed. I n  general ,  t h e  departure and r e t u r n  port ions of t h e  
t r a j e c t o r y  cannot be computed independently. The two t r a j e c t o r i e s  are 
r e l a t e d  by boundary conditions at the  t a r g e t  planet  which cannot be 
spec i f i ed  a r b i t r a r i l y .  

I n  manned in te rp lane tary  appl icat ions t h e  r e t u r n  t r a j e c t o r y  must 

This paper w i l l  present a technique f o r  computing both departure 
and r e t u r n  l e g s  of t h e  t r a j e c t o r y  by sa t i s fy ing  a s e t  of cons t r a in t s  a t  
t h e  t a r g e t  planet  and leaving t h e  f l i g h t  t i m e s  as free var iab les .  An 
important pa r t  of t h e  technique tha t  w i l l  be discussed i s  t h a t  of insuring 
cont inui ty  i n  t h e  t r a j e c t o r y  s ta te  a t  t h e  sphere-of-influence boundaries. 
The so lu t ion  as presented here  insures cont inui ty  i n  pos i t ion ,  ve loc i ty ,  
and t i m e  at t h e  sphere-of-influence boundaries. 

By insuring cont inui ty  a t  a l l  sphere-of-influence boundaries, a 
t r a j e c t o r y  i s  obtained which may be used as a reference t r a j e c t o r y  i n ,  



2 

f o r  example, navigation and guidance s tud ie s .  This use d is t inguishes  
t h i s  technique from many matched-conic techniques i n  which planet-to-planet 
he l iocen t r i c  conics  are computed and then  c e r t a i n  c h a r a c t e r i s t i c s  of  t hese  
conics are used i n  meeting various mission cons t r a in t s .  Most techniques 
of t h i s  type  a r e  e s s e n t i a l l y  searchtechniques ,  usua l ly  seeking out launch 
da tes  and f l i g h t  t i m e s .  The technique t o  be presented here  has much of 
t h i s  same search capab i l i t y ,  but has as i t s  main purpose t h e  production 
of a reference t r a j e c t o r y .  The l i t e r a t u r e  today abounds with data from 
programs u t i l i z i n g  search techniques. These data, launch da tes  and f l i g h t  
t imes,  a r e  used i n  t h e  technique hiscussed i n  t h i s  paper as f i r s t  approxi- 
mations t h a t  a r e  improved upon i n  the  process of obtaining a more p rec i se  
t r a j e c t o r y  . 

This technique has been programed f o r  t h e  UNIVAC 1108 d i g i t a l  computer 
i n  FORTRAN V.  Several  important types of in te rp lane tary  so lu t ions  a r e  
discussed and w i l l  be presented i n  the order  ou t l ined  below. 

The next sec t ion  of t h i s  paper dea ls  with t h e  problem of obtaining 
t h e  s ingle- leg,  matched-conic solut ions between a r b i t r a r y  p lane ts .  A 
flow char t  describing t h e  matching process f o r  t h e  single-leg so lu t ion  
i s  shown i n  f igu re  1. 

The t h i r d  sec t ion  deals with the  f r e e  flybya so lu t ion .  

The fou r th  sec t ion  dea ls  with t h e  problem of obtaining a parking 
o r b i t  about an ob la t e  planet .  

The f i f t h  sec t ion  explains t h e  technique of obtaining t h e  powered 
flyby' so lu t ion  with impulse added at pe r i aps i s .  
give t h e  parking o r b i t  so lu t ion  about a spher ica l  homogeneous p lane t .  

This so lu t ion  w i l l  a l s o  

A l l  of t h e  modes mentioned above must be solved by i t e r a t i o n .  A s  
a general  r u l e  t hese  i t e r a t i o n s  occur i n  two phases, as shown i n  f i g u r e  2. 
The f i r s t  phase, ca l l ed  t h e  gross i t e r a t i o n  phase, u t i l i z e s  he l iocen t r i c  
conics t o  s a t i s f y  some cons t ra in ts  a t  t h e  t a r g e t  p lane t .  During t h i s  
gross  i t e r a t i o n  phase no matching of pos i t i on  and ve loc i ty  vec tors  at  
t h e  spheres of influence i s  done. When t h e  cons t ra in ts  are s a t i s f i e d  
i n  t h e  gross  i t e r a t i o n  mode, t h e  tolerances a r e  reduced, and t h e  f i n e  
i t e r a t i o n  phase begins. The f i n e  i t e r a t i o n  phase u t i l i z e s  s i n g l e  lea,  

?"he term f r e e  f lyby w i l l  r e f e r  t o  t h e  s i t u a t i o n  of f ly ing  by a 
p lane t  without applying a ve loc i ty  change i n  t h e  v i c i n i t y  of t h e  p lane t .  

bThe term powered f lyby w i l l  r e f e r  t o  t h e  s i t u a t i o n  of f l y i n g  by a 
p lane t  and applying a ve loc i ty  change i n  t h e  v i c i n i t y  of t h e  p lane t .  
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matched conics t o  s a t i s f y  t h e  same set of cons t r a in t s .  The end r e s u l t  
of t h e  f i n e  i t e r a t i o n  i s  t h a t  t h e  c o n s t r a i n t s  a r e  satisfied as wel l  as 
a l l  of t h e  o ther  boundary conditions.  

. 
The f i n a l  s ec t ion  of t h i s  paper w i l l  present  one example of each 

of t h e  modes described above and w i l l  a l s o  give t h e  reference from which 
t h e  launch d a t e  and f l i g h t  times that were used a s  i n i t i a l  guesses were 
taken. 

SYMBOLS 

a semimajor ax i s  

i j  
a 

e 

f 

h 
A 

elements of matr ix  

eccen t r i c i ty  

t r u e  anomaly 

u n i t  vector along angular momentum 

h a l t i t u d e  above sur face  of planet  

H 

i 

argument of hyperbolic s ine  o r  cosine (analogous 
t o  eccentric anomaly) 

orthogonal set of u n i t  vec tors  

i nc l ina t ion  w i t h  respec t  t o  p lane tary  equator 
(which may be a r b i t r a r i l y  def ined)  

m i n t e g r a l  number 
h 

n 

R - 
r 

S 

- 
h 

T 

t 

u n i t  vector along ascending node of o r b i t  and 
planetary equator 

pos i t i on  vector r e l a t i v e  t o  Sun 

pos i t i on  vector r e l a t i v e  t o  planet  

u n i t  vector along hyperbolic asymptote 

J u l i a n  o r  calendar da t e  

time from zero 

v e l o c i t y  vector r e l a t i v e  t o  Sun 
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9 

R 

T 

IT 

m 

v e l o c i t y  vector relative t o  p lane t  

cons t r a in t  func t ion  

r i g h t  a s  c ens i on 

dec 1 i n a t  ion 

cos-1 (- a> 
grav i t a t iona l  constant 

one-half angle between arrival and departure  
hyperbolic excess v e l o c i t i e s  a t  t a r g e t  p lane t  

t a n  6m 
sin-1 tan 

A 
h 

angle between vec tors  n and S 

r i g h t  ascension of t h e  ascending node 

Subscr ipts  

a t  arr ival  planet  

a t  departure p lane t  

index t o  resolve nodal ambiguity 

r e f e r s  t o  a p lane t  

a t  r e t u r n  planet (u sua l ly  t h e  same as planet  D ,  
bu t  not required)  

a t  t a r g e t  planet 

r e f e r s  t o  per iaps is  ( o r  minimum dis tance  from 
plane t  ) 

r e f e r s  t o  hyperbolic excess vector  o r  one of 
i t s  angles 
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. * 
t 

- 0 

r, 
A t  

6 t  

Super s c r i p t  s 

at sphere-of-inf luenc e boundary 

evaluated from he l iocen t r i c  conic 

evaluated from planetocentr ic  conic 

computed quantity 

where j = 0,  1, . . . , quant i ty  evaluated during 

jth i t e r a t i o n  

Special  Notation 

t h e  vector  ( )  

t h e  un i t  vector ( )  

spec i f ied  time increment 

computed time increment 

DETERMINATION OF THE MATCHED-CONIC TRAJECTORY 
BETWEEN TWO ARBITRARY PLANETS 

There a r e  s ix  independent var iables  spec i f ied  i n  order t o  solve t h e  
problem of obtaining t h e  matched-conic so lu t ion  between two a r b i t r a r y  
p l ane t s  which w i l l  be r e f e r r e d  t o  as t h e  s ingle- leg matched conic:  

t h e  d a t e  of departure  pe r i aps i s  

t h e  d a t e  of a r r i v a l  pe r i aps i s  

TD 

t h e  inc l ina t ion  of t h e  t r a j e c t o r y  with respect  D t o  a planetocentr ic  coordinate system a t  
departure 

i 

t h e  inc l ina t ion  of t h e  t r a j e c t o r y  with respect  
t o  a planetocentr ic  coordinate  system at. 
a r r i v a l  

A i 
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t h e  per iapsis  a l t i t u d e  a t  departure 

t h e  per iapsis  a l t i t u d e  a t  a r r i v a l  

h?TD 

h71A 

There a r e  two addi t iona l  inputs  required t o  resolve t h e  ambiguity i n  t h e  
r i g h t  ascension of t h e  ascending node of t h e  t r a j e c t o r y  with respect  t o  
each planetocentr ic  coordinate system. These a re  mentioned below. 

The Heliocentric Phase 

I f  t h e  da te  of a r r i v a l  or  departure from a planet  i s  given, then 
t h e  he l iocent r ic  p o s i t i o n  and ve loc i ty  of t h e  planet may be computed 
from the  planetary ephemeris. 
ve loc i ty  vectors  a r e  R ( T  and V ( T  , and a t  t h e  a r r i v a l  planet  , 
R (T  ) and V ( T  ) .  If t h e  spacecraft i s  at a known pos i t ion  r ( T  ) or 
-PA A -PA A - D D  
r (T ) from t h e  departure  or a r r i v a l  planets  a t  t h e  same da tes ,  then t h e  + A  
he l iocent r ic  pos i t ions  of t h e  spacecraft  a r e  

A t  t h e  departure planet t h e  pos i t ion  and 

-PD D -PD D 

The pos i t ion  R and R+ and the time T - T may be used t o  determine 
-D A D  

-9 -A t h e  he l iocent r ic  v e l o c i t i e s ,  V and V 

and a r r i v a l  planets .  
documented i n  reference 2. 
t o  t h e  planet are then found from 

i n  t h e  v i c i n i t y  of t h e  departure  

This problem i s  known as Lambert's problem and i s  
The ve loc i t i e s  of t h e  spacecraf t  with respec t  

When t h i s  procedure is  used f o r  t h e  f i rs t  time i n  t h e  so lu t ion  of 
a single-leg t r a j e c t o r y ,  and r are zero and t h e  spacecraf t  i s  assumed 

t o  be at t h e  center  of t h e  planets  a t  t h e  da tes  T 

planetocentr ic  computations, good estimates f o r  r* and r* a r e  obtained. 

These values of r+ and r 

r, --A 
and TA. After  t h e  D 

-D --A 
a r e  superscripted ( * )  t o  ind ica te  t h a t  they -A 

are taken a t  t h e  sphere of influence of t h e  p lane t .  
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The da tes  a t  t h e  spheres of influence must a l so  be corrected a t  
a r r i v a l  and departure.  Therefore, t h e  vec tors  

and 

R*(T*) = %(TI) + FL+~(T~), d A  

(3) 

and T I  = T where T ; = T  + t  

are now used i n  t h e  so lu t ion  of Lambert's problem t o  obtain V* and q. 
The v e l o c i t i e s  at  t h e  spheres of influence a r e  

+ tTA, A D ITD 

-D 

The superscr ipt  ( ) ind ica tes  ve loc i t i e s  computed from he l iocent r ic  o r b i t s  
assuming massless planets .  

The Planetocentric Phase 

To compute t h e  t r a j e c t o r y  within a planetocentr ic  sphere of inf luence 
t h e  following i s  required: 

- r* t h e  p o s i t i o n  vector of t h e  spacecraf t  with respect  t o  t h e  
planet  at t h e  sphere of influence.  This vector  w a s  com- 
puted during t h e  l a s t  sphere-of-influence computation, and 
remained unchanged during t h e  he l iocent r ic  phase. 

- v*! t h e  v e l o c i t y  vectors  of t h e  spacecraf t  with respect  t o  t h e  
planet  a t  t h e  sphere of influence.  This vector  w a s  com- 
puted during the  hel iocentr ic  phase from equation ( 4 ) .  

i t h e  i n c l i n a t i o n  of the hyperbola with respect  t o  t h e  planetary 
equator (or some other a r b i t r a r y  plane) 

t h e  p e r i a p s i s  a l t i t u d e  of t h e  hyperbola 
IT 

h 

k an index which spec i f ies  which node i s  t o  be chosen 

The computation i s  similar fo r  departure  and a r r i v a l  and t h e  sub- 
During s c r i p t s  D and A a r e  omitted except where necessary f o r  c l a r i t y .  

t h e  f i r s t  computation of t h e  t r a j e c t o r y  i n  a planetocentr ic  phase, t h e  
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pos i t i on  r* i s  unknown except f o r  i t s  magnitude, and t h e  ve loc i ty  x*' 
must be approximated by t h e  ve loc i ty  of t h e  spacecraf t  r e l a t i v e  t o  t h e  
planet  and evaluated a t  t h e  center  of t h e  assumed massless p lane t  according 
t o  equation ( 2 ) .  

f a i r l y  good approximations t o  t h e  sphere-of-influence v e l o c i t i e s  v*' and 

v*'. -D 
t h e  v- vector  t o  be computed. 

of inf luence t h e  v- must be approximated, while during subsequent passes ,  

t h e  v- may be computed exact ly .  

This causes no spec ia l  problem s ince  v '  and v '  a r e  -D --A 

3) 
The only r e a l  purpose f o r  requir ing both L* and x*' i s  t o  allow 

During t h e  f irst  computation i n  a sphere 

a. 
or r 

When t h e  spacecraf t  i s  assumed t o  be a t  t h e  center  of t h e  planet  
= 0 ) ,  t h e  hyperbolic asymptote i s  computed approximately from 'r, d 

h 

s = k f / v ' ,  

where (+) i s  f o r  departure  and ( - >  i s  f o r  a r r i v a l .  

( 5 )  

The magnitude of t h e  hyperbolic excess ve loc i ty  i s  computed from 

b. When t h e  spacecraf t  i s  a t  the sphere 
excess v e l o c i t y  and asymptote may be computed 

(r-* - r  v*' 1 . -  

+ 11 - 5 [1 - cos (f ,  - f*]}... - 

of inf luence , t h e  hyperbolic 
exac t ly  from 

'where 

v*'2 -1 
a* =($ -  7) , cosf" = $* (5 - .> . 

f - f* > 0 f o r  d e p a r t w e  

f - f* < 0 for a r r i v a l  

m 

m 
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The hyperbolic excess ve loc i ty  i s  

v -  - -  ILI 
and t h e  asymptote i s  

The t r a j e c t o r y  within t h e  SO1 i s  i n i t i a l l y  given of course by r*, v*'. 
This t r a j e c t o r y  has o r b i t a l  parameters which a r e  i n  no way r e l a t e d  t o  
t h e  o r b i t a l  parameters which a r e  specif ied.  
t o  i n f i n i t y  using equation (71, t h e  inc l ina t ion  and pe r i aps i s  rad ius  t h a t  
would be found from ;* and v*' l o s e  all  meaning. Therefore t h e  spec i f ied  
pe r i aps i s  conditions may no; be imposed. 

- -  

By propagating t h i s  t r a j e c t o r y  

,The only problem remaining i n  t h e  SO1 phase i s  t o  t a k e  t h e  q u a n t i t i e s  
vm, S ,  i, hT, and r* and determine t h e  pos i t i on  and ve loc i ty  vec tors  a t  

pe r i aps i s  r and v and t h e  time tIT from pe r i aps i s  t o  t h e  SOI. These 

r e s u l t s  may be e a s i l y  der ived from f igures  3 and 4 and t h e  r e s u l t s  s t a t ed  
simply as 

I T  7 

A A h  

r = r (cos0 SD - sinrl h x SD) -TD ITD 

and 
A h A 

v = v (sinrl S + cosn h x SD) 
-TD ITD D 

f o r  depar ture ,  and 

= r (cosn SA + sinn h x SA) %A TA 

and 
A A A  

= v (-sinn SA + cosrl h x SA) %A ITA 

f o r  arrival where 

r = h + Radius of  planet 
IT IT 

a = -p/vm 2 
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r e = 1 - Ir/a 

and 
+ . A  A A 

h = i sinQ s i n  i - j cos0 s i n  i + k cos i. 

The r i g h t  ascension of t h e  ascending node il i s  ambiguous. From 
f igu res  3 and 4, 

where a i s  t h e  r i g h t  ascension of t h e  asymptote. 
t h a t  f o r  departure  t h e  nodes which give t h e  maxim& (k = 1) , and minimum 
( k  = 0 )  pe r i aps i s  dec l ina t ions  are 

It may a l so  be seen 

= a + u + n 

and f o r  a r r i v a l  t h e  nodes which give t h e  maximum and minimum pe r i aps i s  
dec l ina t ions  are 

R 1 = a - u  

Qo = a  + u + IT 

where 

t a n  603 
u = sin-( t a n  i ) 

6 = decl ina t ion  of  t h e  asymptote. 

The time from pe r i aps i s  t o  t h e  sphere of inf luence i s  given by 

(12) 

where t h e  p lus  s ign  i s  used f o r  departure cases ,  and t h e  negative s ign  
f o r  a r r i v a l  cases.  A l s o  
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The pos i t i on  and v e l o c i t y  vectors at  t h e  sphere of inf luence satis- 
fying t h e  specif ied i n c l i n a t i o n  and p e r i s p s i s  a l t i t u d e  may now be computed 
from 

s in f  v (13) P p -IT 

and 

where 

cosf = (P/r* - 1) I e f o r  departure  

1 TT < f < 3n/2 f o r  arrival p = a ( l  - e2>  

Note t h a t  r* i n  equation (13) has an  add i t iona l  superscr ipt  (+) t o  
i n d i c a t e  t h a t  it d i f f e r s  from t h e  o r i g i n a l  r* af eqaation ( 7 ) .  
vec to r  L*+ is umcU i n  equation (3) t o  determine t h e  he l iocen t r i c  p o s i t i o n  
vec to r s  of t h e  spacecraf t  at t h e  spheres of inf luence.  

The 



THE MATCHING PROCESS TO OBTAIN A SINGLE-LEG TRAJECTORY 

The process of matching t h e  pos i t ion  and v e l o c i t y  vectors  a t  t h e  
spheres of inf luence t o  obtain the  single-leg matched conic i s  e s s e n t i a l l y  
done by a successive approximation technique. The log ic  of t h e  computa- 
t i o n a l  scheme i s  presented a l so  i n  f i g u r e  1 and i s  given below: 

a. Given t h e  departure and a r r i v a l  da tes  T and TA, t h e  D 
h e l i o c e n t r i c  so lu t ion  gives t h e  r e l a t i v e  v e l o c i t y  vectors  v' and v' with 

t h e  spacecraf t  assumed t o  be at t h e  center of t h e  departure and a r r i v a l  
p lane ts  a t  da tes  TD and TA, respect ively.  

i) --A' 

b. Given t h e  r e l a t i v e  ve loc i ty  vec tors  v' and v '  or 
-3 -A 

t h e  sphere-of-influence ve loc i t i e s  v*' and v*' computed i n  t h e  he l iocent r ic  

phase along with t h e  inc l ina t ions  i and i 

t h e  p o s i t i o n  and ve loc i ty  vectors  r* , 
inf luence are computed i n  t he  planetocentric phases. The times from each 
p e r i a p s i s  t o  each sphere of influence,  tTD and tTA, a r e  a l so  computed. 

-D d 

D A' t h e  a l t i t u d e s  hTID and hrA, 

r*', and v* a t  t h e  spheres of 
+ 

d i) %,--A 

e .  The he l iocent r ic  phase is  now repeated adjust ing t h e  hel io-  
c e n t r i c  pos i t ions  of t h e  spacecraft  and t h e  departure  and a r r i v a l  times 
according t o  equations ( 3 ) .  This solut ion gives  t h e  v e l o c i t i e s  E*' and D 
v*' at t h e  a r r i v a l  and departure spheres of influence,  respect ively.  - A  

d. The ve loc i ty  e r ro r s  Iv*' - v*I and Iv*' - v*I a r e  now 3 - 3  + L d  

I f  t h e  to le rance  is  not met then  s teps  ( b )  and ( c )  
computed. If they a r e  l e s s  than t h e  to le rance ,  t h e  so lu t ion  i s  assumed 
t o  have converged. 
a r e  repeated . 

This process may be v isua l ized  by considering t h a t  t h e  pos i t ion  vector 
a t  t h e  sphere of influence K* and the  d a t e  T* are changed u n t i l  - vQ = - v*'. 

THE FREE FLYBY MATCHED CONIC MODE 

The so lu t ion  t o  t h i s  problem requires  t h e  following spec i f ica t ions :  

departure da t e  

inc l ina t ion  a t  

inc l ina t ion  at  

TD 

D 

R 

i 

i 

per i a p  s i s 

the departure  planet  D 

the r e t u r n  planet R 
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pe r i aps i s  a l t i t u d e  at D 
hTD 

t h e  per iaps is  a l t i t u d e  at R 
h?lR 

t h e  pe r i aps i s  a l t i t u d e  at t h e  t a r g e t  planet T .  
hTT 

The f l i g h t  t imes tT, time from departure t o  t a r g e t ,  and t 

t a r g e t  t o  r e t u r n ,  a r e  dependent var iab les  and r equ i r e  i n i t i a l  guesses.  
There i s  an add i t iona l  cons t r a in t  which must be s a t i s f i e d  i n  order t o  
a t t a i n  t h e  f r e e  f lyby ,  t h e  ve loc i ty  magnitudes of t h e  a r r i v a l  and depar- 
t u r e  hyperbolic excess v e l o c i t i e s  must be equal. 
be computed by a numerical i t e r a t i o n  procedure such t h a t  t h e  flyby 
cons t r a in t  i s  s a t i s f i e d  and t h e  computed pe r i aps i s  a l t i t u d e  i s  equal 
t o  t h e  spec i f ied  value.  

time from R’ 

The f l i g h t  t imes must 

The i t e r a t i o n  i s  done at f i r s t  using only he l iocen t r i c  conics  and 
This phase i s  TrT ignoring 1 1  t h e  boucdary c c n d i t l o n s  except T D 

c a l l e d  t h e  gross  i t e r a t i o n  phase and is  done f o r  t h e  purpose of improving 
t h e  f l i g h t  t imes and f o r  determining the  f lyby  i n c l i n a t i o n  i 

t h e  nodal ambiguity. 

and h 

and reso lv ing  T 

When t h e  f lyby cons t r a in t s  a r e  approximately s a t i s f i e d ,  t h e  computa- 
t i o n  proceeds t o  t h e  f i n e  i t e r a t i o n  phase. 
boundary condi t ions and t h e  f lyby cons t ra in ts  a s  wel l  as cont inui ty  a t  
t h e  spheres of inf luence a r e  s a t i s f i e d .  The t r a j e c t o r i e s  used i n  t h i s  phase 
a r e  s ingle- leg , matched-conic solut ions , whose so lu t ions  a r e  descr ibed i n  
a previous sec t ion .  The computation f o r  both i t e r a t i o n  phases i s  i l l u s -  
t r a t e d  schematically i n  f igu re  2. 

I n  t h i s  phase, all of t h e  

Computation of t h e  Free Flyby Tra jec tory  Within t h e  
Target Planet  Sphere of Inf luence 

It i s  assumed t h a t  t h e  hyperbolic excess v e l o c i t i e s ,  v and v 
... -AT -DT ’ 

have been computed and t h a t  t h e i r  magnitudes a r e  approximately equal.  
These v e l o c i t i e s  may be computed by e i the r  of t h e  methods described i n  
t h e  sec t ion  on t h e  p lane tocent r ic  phase, depending upon whether t h e  ve- 
l o c i t i e s  a r e  r e l a t i v e  v e l o c i t i e s  and the  p lane ts  a r e  assumed t o  be massless 
or t h e  pos i t i on  and ve loc i ty  vec tors  at  t h e  sphere of inf luence a r e  known. 
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From f i g u r e  5 it i s  
c omput ed by 

A 

% =  

The inc l ina t ion  may 

seen t h a t  the plane of t h e  o r b i t  may be 

x v  %AT -DT . 
%AT x v  -DT I 
be found from 

A A  

c o s i  = k * %  T 

The angle  2v between &AT and v i s  found from -DT 

The r ad ius  of pe r i aps i s  i s  computed from 

where 

It should be emphasized t h a t  r:;) i s  a computed value because i n  

t h e  f r e e  flyby mode rTT is  ac tua l ly  spec i f ied .  

described i n  t h e  next s ec t ion  w i l l  give d e t a i l s  as t o  how t h e  f l i g h t  

t imes t and tR a r e  adjusted so t h a t  t h e  d i f fe rence  rTT - r:;) i s  forced 

t o  vanish.  

The i t e r a t i o n  technique 

T 

The inc l ina t ion  iT i s  t o  be used i n  t h e  single-leg computations i n  

l i e u  of specifying iT. 

determine which of t h e  ambiguous nodes i s  t o  be chosen. 
t o  which k t o  use i s  found by examining f igu res  3 and 4. 

An addi t iona l  quant i ty  k i s  required i n  order t o  

The decis ion as 

A 

The nodal vector  \ i s  found from 
h A  

h k x h T  . 
T "k = s i n  i 



It i s  seen t h a t  f o r  t he .depa r tu re  l e g  t h a t  

= "k SDT 

and t h a t  cos@ must always be negative f o r  a maximum p e r i a p s i s  dec l ina t ion  

( k  = 1) and p o s i t i v e  f o r  a minimum per iaps is  dec l ina t ion  (k = 0 ) .  
D 

I f  cos+D < 0 y Q 1 = c 1 + c 7 + I T  

If cos@ ' 0 y Qo = c1 - D 

S imi l a r ly ,  f o r  t h e  a r r i v a l  l e g ,  

A h 

cosl$A = "k SAT . 
The cos$A must always be pos i t i ve  fo r  a m a x i m u m  p e r i a p s i s  dec l ina t ion  

( k  = 1) and negative f o r  a minimum (k = 0) . 
If cos$* > 0 y Ql = a - u , 

If cos@* < 0 y Qo = c1 + 0 + IT 

I t e r a t i v e  Scheme f o r  Computing t h e  F l igh t  Times 
f o r  t h e  Free Flyby 

I n  t h e  so lu t ion  f o r  t h e  f r e e  flyby it i s  required t h a t  t h e  f l i g h t  
t imes tT and tR s a t i s f y  t h e  cons t r a in t s ,  

The p e r i a p s i s  a l t i t u d e  

spec i f i ed .  During t h e  gross i t e r a t i o n  when only t h e  cons t r a in t s  i n  
equat ions (19) and (20)  a r e  t o  be s a t i s f i e d ,  equation (2 )  provides veloc- 
i t i e s  which reduce t h e  e r r o r  i n  equation (is) ' t o  0 . 1  km/hr and t h e  e r r o r  
i n  equat ion (20)  t o  0 .1  km when t h e  i t e r a t i o n s  are completed. When t h i s  
order  accuracy has been obtained, the  f i n e  i t e r a t i o n  procedure i s  begun 
and t h e  f lyby cons t r a in t s  and a l l  other boundary values  must now be  
s a t i s f i e d .  The f i n e  i t e r a t i o n  uses the  more p rec i se  v e l o c i t i e s  computed 

i s  computed from equation (17) and hTT i s  
TT 
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from equation ( 6 ) .  
equations (19) and (20)  a r e  .01 km/hr and .01 km, respec t ive ly .  

The f i n e  i t e r a t i o n  i s  continued u n t i l  t h e  e r ro r s  i n  

The va r i ab le s  y1 and y may be considered funct ions of t h e  f l i g h t  2 

R’  t i m e s  t and t T 

Y1 = Y 1  ( t T ,  t R )  (21)  

The so lu t ion  t o  these  equations may be done numerically by t h e  Newton- 
Raphson method as described i n  reference 4. Symbolically t h e  so lu t ion  
may be wr i t t en ,  

and 

where 

(23)  

(21c) 

“lla22 - &12“21. and IAl = 

The matrix elements a a r e  defined by t h e  p a r t i a l  der iva t ives  
i d  

a = -  a %  = -  a %  = -  ay2 = - *  ay2 
11 a t T  9 “12 a t R  9 “21 a t T  3 “22 a t R  

These der iva t ives  a r e  r a t h e r  formidable, i f  not impossible, t o  ob ta in  
a n a l y t i c a l l y ,  but they may be obtained numerically by t h e  following 
procedure : 

1. Compute a p a i r  of t r a j e c t o r i e s  ( t h a t  i s ,  one from departure  
p lane t  t o  t h e  t a r g e t  p lane t ,  and another from t h e  t a r g e t  planet  t o  t h e  



r e tu rn  p l ane t )  using t h e  f i rs t -guess  times t (0 T 
t h e  r e s idua l s  

and 

2. Compute a second p a i r  of t r a j e c t o r i e s  

+ A t T  and t"); t h a t  i s ,  increment t ( O )  by A t T  

Then form t h e  r e s idua l s  
R T 

' and t('). Then form R 

using t h e  times tT (1) = tT (0) 

and hold tLo) constant .  

and 

(0) 
T 3. 

and t = tR 

Now compute a t h i r d  pair of t r a j e c t o r i e s  using t h e  time t 

+ A t R  and form t h e  r e s idua l s  (2) ( 0 )  
R 

and 

The p a r t i a l  de r iva t ives  

(1) (0) (2) ( 0 )  
y1 - y1 

, &12 - 
AtT AtR 

(1) (0) ( 2 )  ( 0 )  

, a22 - 
AtT AtR 

- y1 - y1 a =  11 

y2 - y2 - y2 - y2 a =  21 
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4. Now compute 
times from equations 

a fou r th  p a i r  of t r a j e c t o r i e s  us ing  t h e  cor rec ted  
(23) and (24) .  If equations (19) and (20)  a r e  s t i l l  

~ 

not s a t i s f i e d  t o  some to l e rance ,  then  t h e  e n t i r e  procedure may be repeated.  

MATCHED-CONIC TRAJECTORY WITH A PARKING ORBIT ABOUT 
AN OBLATE PLANET 

The so lu t ion  t o  t h i s  problem requ i r e s  t h e  following spec i f i ca t ions :  

t h e  departure  pe r i aps i s  da t e  

t h e  r e t u r n  pe r i aps i s  d a t e ,  o r  T 

TD 

TR t h e  t a r g e t  planet  T'  p e r i a p s i s  date 

t h e  inc l ina t ion  at t h e  r e t u r n  p lane t  R 

t h e  pe r i aps i s  a l t i t u d e  a t  D 

t h e  pe r i aps i s  a l t i t u d e  at R 

t h e  pe r i aps i s  a l t i t u d e  a t  t a r g e t  planet  T 

t h e  s t a y  time a t  t h e  t a r g e t  p lane t  

D i 

hTrD 

hTrR 

H*T 

tS  

I n  add i t ion ,  t h e  cons t r a in t  t h a t  t h e  parking o r b i t  be accomplished 
i n  an i n t e g r a l  number of o r b i t s  must be imposed. 

It i s  assumed t h e  hyperbolic excess v e l o c i t i e s ,  L~~ and aoDT, v have 

These ve loc i ty  vectors  were computed assuming t h a t  t h e r e  been computed. 
was a spec i f i ed  s t a y  time t a t  the t a r g e t  p l ane t .  If t h e  r ad ius  of 

p e r i a p s i s  a t  t h e  t a r g e t ,  r i s  also spec i f ied ,  then  it i s  poss ib le  t o  

f i n d  seve ra l  so lu t ions  f o r  t he  parking o r b i t  t h a t  contain i n i t i a l l y  

and v a t  t h e  end of t h e  s t a y  time. (See f i g .  6.) The r o t a t i o n  of t h e  

parking o r b i t  i s  accomplished by the  secular  per turba t ions  t h a t  a r i s e  from 
t h e  t a r g e t  p l a n e t ' s  oblateness.  The r a t e s  of change of t h e  node and t h e  
argument of pe r i aps i s  of t h e  parking o r b i t  are given by 

S 

TrT , 

-DT 

3n J~ R; 

2a2(1 - e 2 ) 2  
h = -  - cos i ( 2 7 )  



and 

where 

None of t h e  o the r  elements undergo secular  per turba t ions .  

The so lu t ion  i s  nonunique and fu r the r  must be done numerically. 
The technique used t o  solve t h i s  problem i s  discussed a t  length  i n  
re ference  3, and w i l l  not be repeated here .  It i s  s u f f i c i e n t  t o  say 
t h a t  t h e  $technique y i e l d s  severa l  pa i r s  of i nc l ina t ions  and e c c e n t r i c i t i e s  
for t h e  parking o r b i t .  

A unique so lu t ion  t o  t h i s  problem may be obtained by r equ i r ing  t h a t  
t h e  s t a y  t ime be accomplished i n  an i n t e g r a l  number of o r b i t s ,  

where I -3 

i s  t h e  computed period. 

The in teger  m i s  determined from t h e  r e l a t i o n  

m = INTEGER PART of - ( 1) 

The cons t r a in t  t h a t  t h e  s t a y  time be accomplished i n  an i n t e g r a l  number 
of o r b i t s  can be s a t i s f i e d  by permitt ing e i t h e r  t t o  be f r e e  and con- 

s t r a i n i n g  t h e  t o t a l  f l i g h t  t ime,  or by permit t ing t h e  t ime t 
and cons t ra in ing  t h e  t i m e  tT 

T 
t o  be f r e e  R 

Let T denote e i t h e r  tR or  t The cons t r a in t  given by equation (29)  T' 
may then  be wr i t t en  
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The time T may be found i t e r a t i v e l y  by t h e  Newton-Raphson scheme, 

where 

This scheme requ i r e s  two p a i r s  o f  t r a j e c t o r i e s  i n  order  t o  e s t a b l i s h  
The first i t e r a t i o n  i s  a gross i t e r a t i o n ;  t h e  d e r i v a t i v e ,  equation (34).  

t h a t  i s ,  no attempt i s  made t o  solve a l l  of t h e  boundary conditions or 
t o  fo rce  cont inui ty  a t  t h e  spheres of influence.  
are f i n e  i t e r a t i o n s  requir ing a l l  boundary conditions t o  be matched as 
we l l  as con t inu i ty  at t h e  sphere of influence.  
t h a t  i s  not spec i f i ed  i s  t h e  inc l ina t ion  at t h e  t a r g e t  planet  which i s  
found from equations (27) and (28) .  

Succeeding i t e r a t i o n s  

The only boundary condition 

MATCHED-CONIC TRAJECTORY W I T H  COINCIDENT PERIAPSIS 
POSITION AT THE TARGET PLANET 

The so lu t ion  t o  t h i s  problem requires  t h e  same spec i f i ca t ions  as 
I f  t h e  s t a y  time i s  not equal t o  zero,  t hen  t h e  i n  t h e  las t  sec t ion .  

s o l u t i o n  y i e l d s  t h e  parking o r b i t  about a sphe r i ca l  homogeneous p l ane t ,  
with t h e  f u r t h e r  r e s t r i c t i o n  t h a t  t he  s t a y  t ime,  if not zero,  must not 
be less than t h a t  of a c i r c u l a r  o r b i t  a t  t h e  spec i f i ed  a l t i t u d e  h TrT 

If t h e  s t a y  t i m e  i s  spec i f i ed  t o  be zero,  then  t h e  so lu t ion  y i e l d s  
a powered f lyby with impulse appl ied a t  t h e  pe r i aps i s .  
modes may be conveniently handled by t h e  same formulation s ince  both 
have t h e  common cons t r a in t  t h a t  t h e  pe r i aps i s  pos i t i on  vec to r s  f o r  arr ival  
and departure  at t h e  t a r g e t  are coincident.  

Both of t h e s e  

A s  i n  t h e  previous sec t ion  f o r  t he  parking o r b i t  about an o b l a t e  
p l a n e t ,  e i t h e r  t or t may be l e f t  free i n  order  t h a t  t h e  p e r i a p s i s  

a l t i t u d e  hTT may be spec i f i ed .  
T R 

It i s  assumed t h a t  t h e  hyperbolic excess v e l o c i t y  vec to r s  v and 

v have been computed. The inc l ina t ion  and t h e  choice of t h e  node t o  -DT 
be used are determined exac t ly  as i n  t h e  f ree  f lyby  case .  

-AT 

The r ad ius  
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of p e r i a p s i s  must be computed d i f f e r e n t l y  s ince  t h e  t r a j e c t o r y  i s  not 
continuous i n  ve loc i ty .  

The so lu t ion  f o r  t h e  r ad ius  of  p e r i a p s i s  starts with t h e  requirement 
t h a t  t h e  per iapsides  of t h e  a r r i v a l  and departure hyperbolas must be 
coincident.  Figure 7 shows t h a t  t h i s  requirement may be expressed as 

where 

and 

For t h e  given f l i g h t  t imes t and tR, and s t a y  t i m e  t T S ,  
t h e  computed 

r ad ius  of p e r i a p s i s  r(') i s  a funct ion of only t h e  v e l o c i t y  vec to r s  

LAT -DT * 

TrT 

and v Equations ( 3 5 )  through (38) may be solved i t e r a t i v e l y  for 

by a Newton-Raphson technique. 

A second i t e r a t i o n  i s  required t o  s a t i s f y  t h e  c o n s t r a i n t ,  

TT 

This cons t r a in t  may be s a t i s f i e d  by permitt ing e i t h e r  t h e  time t t o  be 

f r ee  and constraining t h e  t o t a l  t i m e  or by permitt ing t h e  r e t u r n  t i m e  t 

t o  be f ree  and constraining t The computation i s  similar t o  t h a t  for 
t h e  parking o r b i t  about an o b l a t e  p lane t ,  discussed i n  t h e  previous sec t ion .  

T 
R 

T' 
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SOME EXAMPLE PROBLEMS 

Three examples were chosen t o  i l lus t ra te  t h e  use of t h i s  technique. 
I n  each example t h e  departure  da te  and launch times were chosen from t h e  
recent  l i t e r a t u r e .  The f l i g h t  times were adjusted during t h e  computation 
process i n  order  t o  s a t i s f y  t h e  mission cons t r a in t s .  

The f i rs t  example, presented i n  t a b l e  I ,  i s  an Earth-Mars-Earth f r e e  
f lyby case.  The da ta  f o r  t h i s  case w a s  chosen from reference  5. The 
i n i t i a l  guesses f o r  f l i g h t  times were found t o  be 130 days from Earth 
t o  Mars and 540 days f o r  t h e  re turn  t o  Earth,  and Earth departure  da t e  
of 2 442 670 J . D .  Table I ,  which presents  t h i s  t r a j e c t o r y ,  i nd ica t e s  
t h a t  t hese  times were changed t o  136.61598 days and 539.64774 days, 
r e spec t ive ly ,  i n  order t o  s a t i s f y  t h e  cons t r a in t s .  
cons t r a in t s ,  equations (19)  and (201, were s a t i s f i e d  t o  
10-4 n. m i .  , respec t ive ly .  

The f lyby  and a l t i t u d e  
f p s  and 

The second example, presented i n  t a b l e  11, w a s  chosen from reference 6. 
This case i s  of t h e  low energy, conjunction c l a s s  of M a r s  missions. The 
f l i g h t  times were chosen t o  be 330 days from Earth t o  Mars and 250 days 
f o r  t h e  r e t u r n  t o  Earth. 
and t h e  s t ay  t i m e  a t  Mars w a s  chosen t o  be 450 days. The oblateness of 
Mars w a s  used i n  order t o  change the  o r i en ta t ion  of t h e  parking o r b i t  a t  
i t s  pe r i aps i s  such t h a t  no plane changes were required.  The t i m e  t o  
r e t u r n  w a s  allowed t o  be f r e e  i n  order t o  s a t i s f y  t h e  i n t e g r a l  o r b i t  
c o n s t r a i n t ,  equation (32) .  
and t h e  parking o r b i t  so lu t ion  chosen had an apoapsis a l t i t u d e  of 
4671.63 n. m i .  

The Earth departure  da t e  w a s  2 444 920 J . D .  , 

The r e tu rn  t i m e  changed t o  250.03270 days 

The t h i r d  example i s  presented i n  t a b l e  111 and w a s  suggested by 
re ference  7. This case i s  an Earth-Mars-Earth powered f lyby.  The t i m e  
t o  Mars and r e t u r n  time t o  Earth were chosen as 150 days and 280 days,  
respec t ive ly .  
To s a t i s f y  t h e  per iaps is  a l t i t u d e  cons t ra in t  , equation (39) , of 200 n. m i .  , 
t hese  i n i t i a l  f l i g h t  times were changed t o  215.20096 days and 214.79904 days. 

The t o t a l  Earth t r i p  t ime w a s  constrained t o  be 430 days. 

CONCLUDING REMARKS 

A technique f o r  matching conic t r a j e c t o r i e s  a t  g rav i t a t ion  sphere-of- 
inf luence boundaries i s  presented. The match i s  done insuring cont inui ty  
i n  pos i t i on ,  ve loc i ty ,  and t i m e  at t h e  sphere-of-influence boundaries. 
The technique i s  extended t o  several types  of round-trip planetary missions 
and has t h e  capab i l i t y  of s a t i s fy ing  in- f l igh t  cons t r a in t s  a t  t h e  t a r g e t  
p l ane t .  
f lyby, and t h e  stopover mission with a parking o r b i t  about t h e  t a r g e t  
p lane t .  

The types of missions considered are t h e  f ree  f lyby ,  t h e  powered 

An example of each of these mission types i s  presented. 
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The chief  advantage of  t h e  technique i s  i t s  c a p a b i l i t y  of being 
adapted t o  severa l  mission types.  The single-leg , matched-conic t r a j e c t o r y  
can be used t o  solve other  type  problems; f o r  example, t h e  optimum powered 
f lyby.  The requirement for i t s  use i n  solving other  problems i s  t h a t  
t h e  cons t r a in t s  be properly iden t i f i ed  and s t a t ed  mathematically. The 
l i m i t a t i o n s  of t h i s  technique are no more severe than  those  f o r  any o ther  
matched conic,  t h a t  i s ,  it representes  only an approximation t o  t h e  
prec is ion  in tegra ted  t r a j  ectory . 
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I H EL I OCENTRI C I PHASE 

Figure 1. - Computation for a single-leg (one way), interplanetary, matched-conic trajectory. 
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Figure 2. - Computation for round-trip interplanetary, matched-conic trajectories. 
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Figure 5.- Geometry of free flyby hyperbolic trajectory. 
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APPLIED 

Figure 7. - Coincident periapsides condition. 
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